Introduction
Let M be any number field. We let Z) M , d M , h Uf ζ M , A M and Reg M be the discriminant, the absolute value of the discriminant, the class-number, the Dedekind zeta-function, the ring of algebraic integers and the regulator of M, respectively.
3 + 2\/2 , , We set co ^ # * s an y °dd prime we let ( / q) denote the Legendre's symbol. We let D P and d P be the discriminant and the absolute value of the discriminant of a polynomial P.
LEMMA A (See [Sta, Lemma 3] and [Hof, Lemma 2] ing lower bound which improves the one given in [Let] Lettl used his lower bound to determine all the simplest cubic number fields with small class-numbers. Here, the simplest cubic number fields are real cubic cyclic numbers fields defined as being the splitting fields of the polynomials P(X) = X -aX -(a + 3)X -1 (a > 0) whose discriminants d P = (a + 3a + 9) are square of a prime p -a + 3a + 9, which implies A κ = Z[ε] where ε > 1 is the only real root of P(X) greater than one (we have ε G ]# + 1, α + 2[). He found that there are 7 simplest cubic fields with class-number one, and none with class-number two or three.
In the same spirit, Lazarus determined all the simplest quartic fields with class-number 1 or 2. Here, the simplest quartic number fields are real quartic cyclic number fields defined as being the splitting fields of the polynomials
are such that d a -a 4-4 is odd-square-free. He found that there are 6 simplest quartic fields with class-number one, and 3 with class-number two.
From now on, we assume that K is not normal. Thus, the normal closure N of K is a sextic number field with Galois group the symmetric group sS 3 . If the ring of algebraic integers of K is generated by an algebraic integer x κ and if P K (X) is the minimum polynomial over Q of x κ , then we are in the Type I or Type III cases according as P K (X) does not have or has at least one root modulo p, and we are in the Type IV or Type V cases according as P K (X) has a double or a triple root modulo p.
Explicit class-number problem for non-normal cubic number fields
First example. In the same way we got Theorem 1, we get Then, l< ε ι < I + 1. 
(ii) Ifp = 3 dm<tes rf ; , ί^n F(3 W ) = 1 and a(3 n ) = 0, w > 1.
Pr<%>/. Point (b) follows from Section 3 (see [Bar-Lox-Wil, Table 2 ]). Now, we proceed with the proof of point (a). We note that the integral bases of all cubic fields are determined in [Alb] . Though, we give a simple proof for this special case. Proo of Proposition 5. Set ε = ε P , x x = ε, and let x 2 = a + iβ and x 3 = aiβ be the two complex conjugate roots of this polynomial. Then,
Hence, we have | a \ < 1 /yε < 1 and ε < a + 2, which implies a ^ 0. Moreover, we have | 6 | ^ 2/^ + 1 < 2]/a + 2 + 1, which implies that there are only finitely many polynomials of type (T) with 0 < a < 17. Hence, we may assume a> 18.
We have -D P = 4(a 3 + δ 3 ) -α 2^2 -ISab + 27. Since 4# < m and ε < α + 2, we get the desired result.
Second, we assume a < 0. Then, b = 2εa + (1/ε) < 1/ε < 1, i.e. b < 0.
We set £ = -b. Now #CB) = -D P = -AB 3 -aB 2 + 18α£ + 4α 3 + 27 is decreasing on [1, + °o[ (since a > 9), and gW4a 4-1) < 0 (since a > 16).
Hence, we get B < y/Aa + 1 . So, we write 4a + 1 = m + r, with m > 0 and 
Conclusion
Let h and n be two given positive integers. Are there only finitely many number fields K of degree n with class-number h such that their rings of algebraic integers are generated by units ? More precisely, let n > 1 be a given positive integer and let K = QCr) be a number field of degree n where x is an algebraic unit which is a root of any irreducible monic polynomial of the form P(X) -X n + a n _ ι X + + a λ X ± 1. If we assume that the ring of algebraic integers of K is equal to ZLr] and that K has a unit group of rank 1, is that true that the class-number of K tends to infinity with d κ = d P ?
